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ABSTRACT: We construct black hole attractor solutions for a wide class of AV = 2 com-
pactifications. The analysis is carried out in ten dimensions and makes crucial use of pure
spinor techniques. This formalism can accommodate non-Kéhler manifolds as well as com-
pactifications with flux, in addition to the usual Calabi-Yau case. At the attractor point,
the charges fix the moduli according to »_ fr = Im (C®), where ® is a pure spinor of odd
(even) chirality in IIB (A). For IIB on a Calabi-Yau, ® = Q and the equation reduces to
the usual one. Methods in generalized complex geometry can be used to study solutions
to the attractor equation.
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. The four dimensional attractor equations

1. Introduction

The attractor mechanism is a general feature of black hole solutions to four dimensional
N = 2 supergravity [[[-[]. It states that near the horizon of a supersymmetric black hole
the vector multiplet moduli flow to special values which only depend on the charge of the
black hole and not on the asymptotic values of the moduli. The simplest application of
the attractor mechanism is to compactifications of type II string theory on a Calabi-Yau
manifold Y. In this case the ten dimensional action of string theory reduces, in the low
energy limit, to an effective N' = 2 supergravity theory in four dimensions, whose field
content and action depend on the choice of Y. The attractor mechanism has an elegant
interpretation in terms of the geometry of Y: for type IIA (IIB), the Ké&hler (complex)
structure of Y flows to an attractor fixed point at the horizon. The attractor mechanism
has also been shown to occur for some non-supersymmetric but extremal black holes [f]-[].

In this paper we will study supersymmetric black hole attractors for a broader class
of compactifications which preserve N’ = 2 supersymmetry but are not necessarily Calabi-
Yau. This class includes both non-Kéhler compactifications as well as compactifications
with non-trivial background flux. Examples of such N' = 2 compactifications have been
constructed using T-duality [f]. Some geometrically more interesting non-Kihler vacua
have also been provided recently in [}], but they involve g, # 0 and hence cannot be used



as supergravity solutions. Although from the four dimensional perspective the resulting
black hole solutions are exactly as in [[]-f], the geometric description is less clear than in
the Calabi-Yau case. For example, there is no general description of the vector multiplet
moduli space of these compactifications in terms of geometric quantities.

For this reason, we will study these configurations as solutions to the full ten dimen-
sional equations of motion, rather than the low energy effective theory in four dimensions.
From the ten dimensional point of view, these black holes are simply special classes of
solutions with flux, to which we can apply the pure spinor techniques of [fl. For example,
the near horizon geometry of a BPS black hole is just a particular flux compactification
whose four dimensional geometry is AdS, x S2.!

The ten dimensional gravitino variations yield a new form of the attractor equation,
phrased in the language of pure spinors. These pure spinors play a central role in the theory
of generalized complex manifolds [[4-[[f], and have recently found several applications
in supergravity, in the study of compactifications of type II theories on six dimensional
manifolds [[4, fl, [[§]; analogues on seven-manifolds [[§, [ and for M-theory on eight-
manifolds [R0] also exist. We give a brief introduction to pure spinors in appendix B] For
practical purposes, a pure spinor ® may be thought of as formal sum of differential forms
of different rank.

To describe N' = 2 compactifications in terms of pure spinors, we will follow the
approach of [[7. These authors classified N' = 1 vacua using a pair of pure spinors @4,
which determine the metric on the internal manifold. For type II string theory on a Calabi-
Yau, these two pure spinors have a simple interpretation. One of them is the holomorphic
three form €, which fixes the complex structure of the Calabi-Yau, and the other is e’/
where J is the Kédhler form. In general, an N' = 2 vacua is characterized by two pairs of pure
spinors, along with the constraint that each pair determines the same metric on the internal
manifold. The BPS black holes under consideration break the A/ = 2 supersymmetry of a
background down to A = 1.

The attractor equations describe how the geometry of the internal manifold changes
as a function of radius. At every value of r, the internal manifold satisfies the equations
for an V' = 2 vacuum in four dimensions. However, one linear combination ® of the pure
spinors flows as a function of radius. So as r changes, the internal manifold flows through
the moduli space of NV = 2 compactifications. At the horizon, this pure spinor approaches
a fixed value determined only by the charge of the black hole — it obeys an equation of the
form

> fo=Im(C®)
P

where f is a k-form flux. This equation can be solved in simple geometric terms, using a
theorem of Hitchin [[[4]. (Since @ is related to pure spinors describing the vacua, it also
obeys an extra differential condition, whose general solution is more complicated, as we
will see.) This theorem involves the construction of a function, whose integral — known as

IThis fact has led to a fruitful interplay between between the study of flux compactifications and extremal

black holes; see e.g. , @, @, E]



the Hitchin functional — can be interpreted as the entropy of the associated black hole.?
Our construction may be thought of as a physical implementation of this theorem; the
attractor equations admit a solutions precisely when the associated black hole has a finite
area horizon.

The approach described above has several advantages, which are relevant even for stan-
dard Calabi-Yau compactifications. First, because we have solved the full ten dimensional
equations of motion, the solutions apply in cases where the four dimensional supergravity
equations are no longer valid. In particular, they can describe configurations where the
Kaluza-Klein length scale of the compactification manifold is not small compared to the
length scales of the four dimensional solution. It may therefore prove useful in the study
of small black holes, where the radius of curvature of the black horizon can be of order
the Kaluza-Klein scale (see, e.g. [26-B0]). In addition, this derivation demonstrates ex-
plicitly that BPS black hole solutions can be consistently lifted to solutions of the full ten
dimensional supergravity.

Our hope is that the universal attractor behavior described in this paper may play a
role in a better understanding of the dynamics and definition of string theory in these back-
grounds. Recently, it has been proposed that such black holes provide a non-perturbative
definition of topological string theory in the Calabi-Yau case [P5]. It is therefore natural
to expect that the black hole attractors described in this paper are related to topological
string theory on non-Calabi-Yau compactifications.?

This paper is organized as follows. In the next section we will describe the attractor
equations in terms of pure spinors, and discuss the general properties of these solutions.
In section f| we will consider a few simple examples. Appendix A describes our spinor
conventions, and appendix B contains a brief introduction to the pure spinor constructions
used in the text. appendix C reviews a few features of the four dimensional attractor
equations which are necessary to make contact with the pure spinor formulation.

2. Attractor black holes in ten dimensions

In this section we will derive the attractor equations for a wide class of BPS black holes,
using ten dimensional supergravity. These equations describe the radial flow of a pure
spinor on the internal manifold. The derivation given below requires some technical ma-
nipulations, but the main results are rather simple to state. For each of the backgrounds
under consideration, one can construct eight pure spinors, which we will call ®13, 34, ®1*
and ®23. These pure spinors are constructed from the supersymmetry variations. The first
two of these pure spinors obey the constraints required for a compactification to an N/ = 2
Minkowski vacuum. The other two obey a first order differential equation, which describes
how the internal geometry flows in the moduli space of N/ = 2 vacua as a function of radius.
These equations are the attractor equations for this background; from the four dimensional

2This relation between the Hitchin functional and the black hole entropy has been noted by [R1l, @]
The Hitchin functional has also found use in other closely related physical contexts, see e.g. [E, A .

3 A recent paper [@] has discussed a generalization of the conjecture of @} in this context, although in
absence of RR fields; see also



point of view, they describe the radial flow of the vector multiplet moduli. The explicit
equations describing this flow are written down at the end of section .3.

In section P.] we describe the basic form of the backgrounds under consideration, in
section .2 we write down the fermion variations, and in section we rewrite the BPS
conditions in terms of pure spinors. section P.4 contains a brief discussion of the solutions
of these equations, using a theorem of Hitchin’s.

2.1 The Background

We will start by describing the background under consideration.

We are interested in BPS solutions of type II supergravity that describe a four dimen-
sional black hole geometry times an internal six-manifold Y. The ten dimensional metric
will be of the form

ds? = e*BW) <—62U(T)dt2 + e 20V (dr? 4 r2(d6? + cos 92d¢2))> + g (ryy)dy™dy™. (2.1)

The (t,7,6,¢) components of the metric describe an extremal black hole solution in four
dimensions, whose geometry depends on the function U(r). The metric g,,,dy™dy™ on Y
is a function of radius as well as the internal coordinates, and we have explicitly included
a warp factor B(y). Although in principal we could dimensionally reduce on Y to obtain
an effective supergravity in D = 4, it turns out to be much easier to study these black hole
solutions by working directly with ten dimensional quantities.

The spin-connection following from this metric has the form Djy; = Oy + %Q‘&B Tag,
where M is a curved 10-dimensional index and A, B are flat indices. The components of

the spin connection are?

QO =eVU", Q2= —-1+1U", Q'3 =cosO(—1+rU"),
0,2 =sing, Q,% = emlagls = 0, Qplt=—leBtUenag (2.2)
Qmab — wmab’ an — 6B—l—UeamamB ’ Q}’a — eB—UeamamB,

an =reP-Vermy, B, Qi’)‘l = reP~Y cos §e?0,,B .

where m,n are curved indices on Y, and a, b the associated flat indices. The 6-bein e]* on
Y obeys e'e} gmn = dqp. We have chosen our local frame to obey (e™) = Mpeq™, where
Bmn = —%g,’nn is symmetric in mn. This is why ©,% = 0.

In addition to the metric described above, the backgrounds under consideration will
include flux. The R-R fluxes can be decomposed as

Féio) = vola A fah o +volg A fa, o+ Fi, +vola Avolg A FS,_, (2.3)

where voly = (e2V/r?)dt A dr and vols = cosfdf A dp. Here f4, f5, F' and F€ are
differential forms on Y. A subscript on a form indicates its rank; in the discussion below
we will often drop these subscripts when they are not necessary. The first two terms
in (R.3) are the gauge field produced by the charged black hole; if we were to dimensionally

“Here ' denotes derivative with respect to r.



reduce to four dimensions, they would describe electric and magnetic fluxes sourced by a
configuration of branes wrapped on Y. The last two terms describe purely internal and
external 2n-form flux. In type IIA, the index m runs over 0,2,4,6,8,10 while in type
IIB n runs over 1/2,3/2,5/2,7/2,9/2. The R-R fluxes described above contain both field
strengths and their duals, so we must impose the self-duality relations®

Fp? = (=1)1 w10 Fio_, - (2.4)

This relates f2 to fS and F* to ¢, so from now on we will write our expressions involving
R-R fluxes in terms of F = F' and f = f°.
We will also consider NS-NS fluxes of the form

HU = Hy + dr A Y, (2.5)

where H and b are differential forms on Y. The second term in this expression arises
because we are allowing the internal NS-NS two form b to depend on 7.

The Bianchi identities and source-free equations of motion for the R-R fields take the
form (d — HIOA)F(10) = 0. For the fluxes described above, this is

(d—HAN)F =0, (d+HAN)(e*?xF)=0, dH=0;

e2U+B)
(e F) =0, d(e®P xb) =0, d(e*® « H) = = or(r2xb'), (2.6)
O (e f)=0, (d—HN)f=0, (d+HMN)*f=0.

Here * is the hodge star on Y, and we are omitting the n indices used above. These identi-
ties, together with BPS equations written below, imply the full ten dimensional equations
of motion.

2.2 The supersymmetry variations

The gravitino and dilatino variations in ten-dimensional type II supergravity are

SYr = (Dar + LHyP)e + 65 5, FouTaiPre

5\ = (9 + SHP)e + & 5 TV ES, Dy Py (2.7

We have not written the spinor indices explicitly. Our gamma matrix conventions are
described in appendix A. We have also suppressed the doublet indices i = 1,2 on the
gravitino v, dilatino \, and supersymmetry parameter e. For example, € = (e!,€?) is a
doublet of ten-dimensional Majorana-Weyl spinors. The P matrices act on these doublet
indices, as P = I'1; and P, = I[f,o! in type IIA, and as P = —3, P, = o! for (n + 1/2)
even and P, = io? for (n+ 1/2) odd in type IIB.

Using the self-duality relation (@), and putting in the doublet indices explicitly, the
the gravitino equation can be written as

Sy = (D £ LHy)e! F ETONE 102 4+ FT e

2.8
03 = (D F YHap)e? + ST 1T el + FIT e, 28)

5Int[n] denotes the integer part of n and *10 the ten dimensional Hodge star.



The upper sign is for type ITA and the lower sign for IIB. We have defined

e (e R A

F= 5 (F-F+F-F). (29)
for type IIA, and
r- ﬁ+ﬁ+ﬁ (2.10)

F = < (F + Fj + FY)

for type IIB. In the IIB case, ﬁ is anti-hermitian while f/1,5 are hermitian. In ITA, f674 are
hermitian while Jé,ﬁ are anti-hermitian.

Using the expression for the spin connection, we can write out the components of the
gravitino variations in their full glory. For example,

o} = 2UF01( 1U’e1 T A(r)f10€ ) + Ty (£ Fe %@/Bel)
oYl = 0.t + A(r /foe + T (£Fe + ;KBG) i%l (2.11)
5, = (D, £ 1H,,)él +Frme + I (il‘”(—gib) el £ A(r)IogT,,€2),

where A(r) = eB+tU+?¢/8r2. The expressions for 92, are identical, but with 7 — 741,
F — +F" and H — —H. The angular components of d are similar, so we will not write
them down explicitly.

In a supersymmetric background these fermion variations vanish. We are looking for
solutions that preserve half of the four dimensional supersymmetry, so only one linear com-
bination of the supersymmetry parameters e! and €2 will be preserved by the background.
It turns out that the correct linear relation between e! and €? includes the action of T'9,
but not the action of any other four-dimensional gamma matrices.® This implies that the
terms in the gravitino variation containing I'' must vanish separately from those that do
not. So the dy; = 0 and dy,,, = 0 equations become

0=— 1U/€1:FA ffoe

2.12
ozjlr"( gEb) e+ A>T, e (2.12)

and
0 = £Fe + JoBe

2.13
0= (Dy + 1H,)e! + FT,€ (2.13)

Using (P.13) and (.I3), we can eliminate the R-R dependence in the dA = 0 and

01 = 0 equations. The dilatino variation becomes

1 1
0= (P +32B - ¢))e' + ZHEQ ; (49,’””9,;171)61 =0 (2.14)
while the radial gravitino equation becomes
1 Lo 11/1
0=0re — §U e —JFe . (2.15)

5This is the standard situation for branes in R* that extend in time but not in any other spatial directions.



The final term in this equation is the only one which depends explicitly on the internal
coordinates; we will take it to vanish separately from the other two terms.

Similarly, one can eliminate the R-R dependence from the &p(; ¢ = 0 equations. The
result is

1
Dye' + §'yaflel =0, a=(0,9). (2.16)

where D and v, denote the spin connection and gamma matrices on a unit S2.
We can now integrate (R.1§) and (R.16) to determine the spatial dependence of €. The
radial equation implies that

€ (r,0,0,y) = e 23U (0,6,y) (2.17)

where ¢( is independent of radius. We will not need to write down the explicit dependence
of €g on (0, ¢), but it is straightforward to do so using methods similar to those described
in

We can now decompose the radially independent, ten-dimensional spinors 6(1]’2 in terms

of four and six dimensional spinors, as

¢

; ) @0l (y) + C(0,¢) © 3 (y) +c. c. (2.18)

) @13 (y) + (30, 0) @nt(y) +c c.

1
+
1
+

o O

Here ¢* and 7' denote four and six dimensional spinors, respectively; a subscript on a
spinor denotes its chirality. The type ITA (IIB) case is given by the upper (lower) sign,
where €2 have the opposite (same) chirality. Physically, (1*? can be thought of as the two
supercharges in four dimensions that would be preserved if the black hole were not present.
The Calabi-Yau case involves taking n? = n® = 0 and ' = n* to be the single globally
defined spinor.

We can now insert (R.1§) into (R.19) and collect terms of the same four-dimensional
chirality. These equations imply that ['o¢*> = a(r)¢}, where a(r) is an r-dependent phase
that will be determined. This relationship can be thought of as breaking the N = 2
supersymmetry that would have been preserved in four dimensions down to a single linear

combination.

Equation (2.13) becomes

—LUmL FaA(r)fnt =0, =g £ b)pn ™t F aA(r)fAmnt =0,

—LU2 £aA(r)fmi =0, (=g £ )1, 7" £ aA(r) fmnd =0,

LUt —aA(r)ffnl =0 (=g £ )0y 0t — aA(r)ffymnt =0,
) 0

1 ) (2.19)
=+ 4
-0 + aA(r)ffn =0, H=g £ )yt + aA(r) ffymnt =0

Equations (R.13) and (R.14) are precisely the equations that arise in the classification
of Minkowski vacua in [I7]. In the next section we will follow the analysis of [[7] to study

these equations.



2.3 From variations to the attractor

In this section we will analyze the spinor equations described above in terms of geometrical
quantities. In doing so, it will be convenient to use the pure spinor formalism of [[[4]-[L6],
which is reviewed briefly in appendix B. We will focus on the IIB case, and use the lower
sign in (R.19). The analysis for ITA is almost identical — we will simply quote the ITA
results at the end of this section.

We will start by reviewing the various structures defined by our spinors on the internal
manifold Y — this is described in greater detail in appendix B. In six dimensions, a single
spinor 1 with no zeros defines an SU(3) structure on the tangent bundle 7' of Y. This
is simply the statement that one can form from this spinor two non-vanishing differential
forms, a two form J and three form €, which obey J A Q = 0 and J? = %z’Q A Q. These
forms are associated to two elements ¢ and ¢/ of the Clifford algebra, which are given by
exterior products of the original spinor: x= N4+ ® n— and e = Ny @ Ny

For a pair of spinors, say (n',7n?), the structure induced on the tangent bundle of Y is
more complicated — it depends on the relative orientation of ' and 7. If the spinors are
always parallel they define an SU(3) structure. If they are orthogonal they define what is
known as an SU(2) structure. If they are neither parallel nor orthogonal, they define what
is sometimes known as a “dynamic SU(2) structure.”

So far we have discussed the structures defined on the tangent bundle, but it is more
useful to discuss the structure defined on the sum of the tangent and cotangent bundles,
TeT*. In fact, all of the cases described above define an SU(3)xSU(3) structure on T'&7T"*.
To see this, first note that the bispinor @/}E’ = n}r ® n?jj defines a pair of SU(3) structures,
via its annihilators from the left and from the right. These two SU(3) structures live on
T & T*, because ,@&3 can be mapped via the Clifford map to the bundle of differential
forms, which is a representation of the Clifford algebra on T' @ T*. These bispinors are
known as pure spinors, because they are annihilated by half of the elements of the algebra
Clifford(6,6).

When we have four spinors n}r,...,ni, the structures are even more complicated.
On the tangent bundle T, they can define anything from an SU(3) structure to a trivial
structure (meaning that 7' is trivial and the manifold is parallelizable). The structure
defined on the sum 7°@® T™ can range from SU(3)xSU(3) to SU(2)xSU(2). The reason is
that this time, even for the classification of vacua we need more pure spinors: not just ®13,
but also 2, as we will see shortly.

We now turn to the analysis of the equations. We will start with (P.13) and (P-14),
which are the same as the ones found in the classification Minkowski vacua. In particular,
the pairs (n',7?) and (n?,n*) each separately satisfy the equations for a Minkowski vacuum.

It is straightforward to write these equations in terms of pure spinors. In type IIB, one

gets L]

_ ¢
e*2B+¢(d— H/\)(eQB*d’@f’M) — dB A <I>f”24 +z’%|771,2|2 «o(F), (2.20)
e 2B+ (q — HA) (2P 29132 = ¢ (2.21)



where o(Fy) = (—=)*/2 F as in [[J]. In addition, we also have dlog|n; 2|? = dB. We have
used here the fact that, to have a supergravity vacuum with fluxes, one needs an orientifold
action; this relates e! to €2 in such a way that [n'|?> = [n?| and |7®|? = |n*|? [[7. In fact,
we will see shortly that all four of these norms are equal.

To summarize, we have found that for any r the internal manifold must support an
N = 2 vacuum. In other words, the radial flow moves us through the moduli space of
N = 2 Minkowski vacua, just as we would expect.

We now turn to the main computation of this paper: analyzing the equations for radial
evolution through the moduli space of N' = 2 vacua. We first look at the evolution of U.
The first equation in the first column of (R.19)) implies that

() A )ap eV [ [eBHog(f) A B
@ A,y — 2\ T @i e |

U = 20A|n)? (2.22)

In the first step we have used Tr(yvAHB) = %(A A B)top, and in the second step we have
used the fact that U’ is constant in the internal directions. The appearance of ¢ in this
formula might seem unfamiliar; the pairing (¢(A) A B)top between differential forms A and
B, often denoted (A, B), is known as the Mukai pairing (see for example [[[5]). The term
in the parenthesis in (2.27) may be thought of as the absolute value of the central charge
of the black hole, |Z|, which typically arises in the black hole attractor equations — a brief
review of these equations is contained in appendix C. Note that the phase « is determined
by (R.22), since U is real.

If we had instead used the third equation in the first column of (R-19), we would have
obtained the same equation with |n4]? replaced by |n1]2. This implies that |n4]? = |n|?.
We can derive similar equations for n? and 73, from which it follows that all of the spinor
norms are equal. These spinor norms are just given by ||? = ce” where c is an integration
constant (see the comment after (R-21))). We have used this fact in writing (R.22).

Since we have already factored the radial dependence out of €, the bispinors @’% are
independent of 7: 8,@14 = 0. However, this does not mean that the differential forms &,
(related to the bispinors by the Clifford map) are independent of radius. This is because

the internal metric gy, and hence the gamma matrices ~v,,, depend on the radius. For an

odd bispinor ¢,
0.(C) = (0,0 LB dr R inC) =  (9C) + %ﬁmn <gm”@‘ + %wz‘w) (2.23)

where, as described in section B, By = —% Ghn- In the second step we have used (B.])).
The resulting equation describes the variation of an odd bispinor €' due only to the variation
of the components Cy,, ..m, , after removing the contribution from the gamma matrices. The
formula for even bispinors differs from (P.23) by some signs.

Let us consider the case where &' = 14 = n}knz{f. First, note that the g,,¢g™" term
in (£:23) vanishes due to (:14). We are left with a term of the form g,,7"#4~™, which
by (R.19), can be written as the sum of two terms, one proportional to b;nnwmﬁﬂ_‘w" and the
other proportional to f/vm@/i_‘lvm. We will now describe how to massage these two terms.



We will start with the b;,mwm@/ifvn term. The m,n indices are antisymmetrized, so we
can use the fact that v™(:)y") = —dz™ A daz™ A +0™". Since b7, = 0, (see the discussion
after (P.19)), it follows that b’ [y™", #1] = 0; this can be rewritten as b, (dz™ A dz" +
Lmn )@ = 0. So we are just left with 20’ A &4,

We can now attack the fymﬁ{i_‘l’ym term, which is more interesting. The manipulation
we will describe is similar to one used in [B], [[7].” Since FU1 = n}rvﬁT, we can use the first
equation in the second column of (R.19) to get f{ymn‘infT*ym. We can then use the fact
that HT'Y = 77+77jrF + %’ymn_n,’ym for any n; this is just the expansion of the operator HT“’
in the chiral basis 4, v"n—. So the term under consideration can be written as a linear
combination of £{1++) and ﬂﬁniT. Using the third equation in the first column of (R.19),
this second term is just U’@/}f.

One can similarly manipulate 8r<1>}f. The only difference is that this time the f
contribution looks like f/vmnfni ~™. This vanishes, because nfniT is (the slash of) a
three-form and 4, Z%y™ = (—)*(6 — 2k)%.

If we put this all together, we get two equations involving bispinors @gﬁ. We can write

these equations in terms of differential forms as

ebAar<e*bAq>1+4> =0 (2.24)
"o, <e_b/\<1>1_4> = aAn|?(f +io(xf)) — 2U'®M (2.25)

where again o(fy) = (=)*/2f.. It is interesting to note that these formulas are quite
similar to ones describing vacua. This resemblance would be even more explicit if we had,
e.g. considered a non-compact Y — the norms of the spinors would not necessarily be equal,
and we would have obtained an F' term in addition to *F. Finally, we should note that
there is a similar pair of equations for ®23, which are found by taking '* — 23 and o — —a.
We will focus on only the ®* equations for the rest of this subsection.

These formulae, together with equation (R.22) for U’, describe how the geometry of
the black hole and the internal manifold varies with radius. They are the generalizations
of the attractor equations for this background, and one of the main results of this paper.
Equation (R.24)) says that the four dimensional hypermultiplet moduli do not flow with
radius. Equation (R.25) describes how the four dimensional vector moduli flow. To compare
these to the usual attractor equations it is useful to write them in a slightly different form.

Taking the real part of (R:25) gives

—bAF14
M) i me (e )] o

which resembles the standard attractor flow equations.

Re

"From the description given in the text, it is not clear that we have extracted all of the information
from () To show that this is indeed the case, one can expand f in terms of the pure Hodge diamond
basis used in [@, @}
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Near the horizon of the black hole at » = 0 the geometry of Y approaches an attractor
fixed point. At this fixed point, the pure spinor obeys a generalized stabilization equation

- 3 ,L'fe2B+¢O.(f) @14
fi+ fs+ fs=2Im(C®T), C= 2576 [ o (1) A U -

(2.27)

Thus the charges of the black hole, in terms of the fluxes f1, f3, fs, fix #14 on the internal
manifold. This is the generalization of the statement that, in type IIB, the holomorphic
three form of a Calabi-Yau is fixed by the charge of a BPS black hole. We will demon-
strate that this equation can indeed be solved in the following section, using a theorem of
Hitchin’s.

We will simply quote the corresponding results for type ITA. The function U’ obeys

U 2B+6 Pl
=5 (ca(r)f: = q)“lflf )/\/\q>14 ) . (2.28)

The attractor equations obeyed by the pure spinors are

e, (ebAq)1_4) —0 (2.29)
e, (e%f) = aAln2(f — io(«f)) + Q2T . (2.30)

Again, from the four dimensional point of view this says that the vector multiplet moduli
flow as a function of r. Taking the real part of (R.30)) gives

6r<ebA<1>}F4> U/
N T e 14
Re—m = |/ + Re <<I>+ ”ir !2>] . (2.31)

At the attractor point this gives the stabilization equation

- i [e?BToq(f) Aol
fo+ fot fa+ fo =2Im (CPT), C= 2810 [ o(@14) /\(1)14'

(2.32)

As in the IIB case, the constant can be determined from (R.31)) and (R.28)), or by wedging
both sides with @, and integrating.

2.4 Solving the attractor equation

Equations (R.27) are a new version of the usual attractor equations, phrased in the language
of pure spinors. We can now use mathematical results concerning pure spinors, such as
those of Hitchin [[[4, B3, to describe the solutions to these equations.® These results
determine exactly when a sum of differential forms can be the imaginary part of a pure
spinor, in terms of a stability condition.

Before discussing this theorem, let us make one comment about the attractor equa-
tion (B.27). First, note that the Bianchi identity (P-6) implies that 9,(e=*"f) = 0. So
f depends on r, as one would expect since the geometry of Y changes as a function of

8See [@] for a review of this mathematics in the context of four-dimensional effective theories.
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radius. The value of f at r = oo is related to the value at 7 = 0 by foo = farre™?, where
Ab = by — bagg. The flux f appearing in (R.27) is evaluated at the attractor fixed point,
f = fatt- So the attractor equation we are trying to solve is, when written in terms of the
flux at infinity, foo = 2Im (Ce20®14).
We are now in a position to state Hitchin’s theorem; the ideas behind it are explained
briefly in appendix B and in the references. Given a sum of forms f, define
() = Te(T?), Jay = T a5 op (2.33)

vol

Here A and ¥ are indices on T'@T™, as explained in the appendix. Then, f is the imaginary
part of a pure spinor ® if and only if ¢(f) < 0 everywhere (the quotient is understood
pointwise). If this condition is satisfied, the pure spinor ® is determined explicitly, as

Jrs

Va2

This is precisely the same pure spinor $14 = U}Fnéﬁ that appeared on the right hand side

of (2.27). We should note that Hitchin’s theorem describes a pointwise obstruction to
9

eACPM = f — Mer. . (2.34)

solving the attractor equation.

The function ¢ described above is related to the Bekenstein-Hawking entropy of the
black hole. This entropy is given by the area of the horizon in four dimensions, which
depends on U(r), and can be determined in terms of f via (R.29). Plugging (R.34)) into (R-22)
gives an expression for the entropy in terms of the pure spinor ®'4 evaluated at the attractor
fixed point: it is essentially the square of the central charge |Z|2, which is | [ o(f) A ®14|2
times an appropriate normalization factor. In fact, this entropy can be written succinctly
in terms of ¢(f) as

S ~ /64B+2¢\/—q(f) . (2.35)

This relation between the entropy and ¢(f) has been noted already by [R1], J. We should
emphasize that this construction gives a nice physical interpretation to Hitchin’s theorem:
one can solve the attractor equation precisely when the corresponding solution has positive
(and real) entropy, i.e. when the black hole has a non-vanishing horizon.

There is one additional subtlety we have not yet discussed. The pure spinor ®* fixed
by the attractor equations is implicitly related to the pure spinors describing the vacuum,
‘1>f’24, since they are both built out of the same spinors. In particular, equations (.20}
and (R-21)) can be expressed as a rather complicated differential constraint on ®4. We
expect that this constraint can be solved by changing f — f + dc for a suitable choice of
c. This is the approach used in [[4], for the case where ®1* is closed. There, the existence
of a suitable ¢ is reduced to a variational problem for the integral of ¢(f). This gives a
moduli space of solutions as an open set in the appropriate de Rham cohomology. In our
case, this can be applied directly when Y is a Calabi-Yau. For example, when Y is a torus
case all spinors are covariantly constant and the differential constraints are trivial. More

9However, we should note that the sign of f A® ~ ® A ® at one point in the internal manifold determines

the sign at every other point, since |n|> = ce®.
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generally, if ®'# is not closed, one would need to modify the Hitchin functional. We hope
to be able to describe the general solutions of these constraints in the future.

3. Examples

We will now consider a few particular cases of the general equations constructed above.
In section B.J we will describe how these equations reduce to the standard form in the
Calabi-Yau case, before considering the explicit example of T'® in section B2 We should
emphasize that the examples considered in this section are meant to be illustrative of the
techniques involved in solving the equations, but are probably not representative.

3.1 The Calabi-Yau Case

The four dimensional attractor equations in this case are well known; they are reviewed in
appendix C. Here our approach differs from existing ones only in that it is formulated in ten
dimensions, rather than in terms of a low energy N = 2 supergravity in four dimensions.

When the internal manifold Y is Calabi-Yau, it admits only one globally defined spinor
n. The ten-dimensional spinor ansatz is given by (R-I§), with n? =7* = 0 and n! = n* = 1.
The pure spinors are related to the holomorphic three form and Kahler form on Y, by
F1 = %ﬂ/ and Qﬂ‘l — ¢/ All other pure spinors vanish.

We will first consider the IIB case. The stabilization equation for the pure spinor at

r =0, (2.:27), becomes

iffg/\Q

f3:21m(éﬂ), é: IQ/\Q

(3.1)
This is the usual stabilization equation (see, e.g. [B4]). In addition, one can verify that
the radial flow in complex structure moduli space is precisely that described by (R.27).
The attractor equations at finite r are typically written in terms of a symplectic periods
(X I Fr) rather than directly in terms of the holomorphic three form 2. For this reason, we
have included in appendix C a discussion of the finite r attractor equation, formulated as a
differential equation for Q. It is straightforward to verify that this equation is just (R.27).

The expressions in type ITA are identical, except that the two pure spinors ®* and
@}F‘l are exchanged. For example, the stabilization equation becomes

fo+ fa+ fa+ fo = 2Im (Ce"’) (3.2)

where the constant is fixed by

i[o(f)Ne! _2f(f0_f2+f4_f6)/\€“.

C= To@ ) ned = TINTNT

(3.3)

3.2 IIB on 7%

Consider type IIB string theory compactified on T°. For most of this section we will not
consider orientifolds of T%; they will be discussed briefly at the end of the section. Without
orientifolds or flux, type IIB on T gives an A/ = 8 supergravity in d = 4. The field content
is a single N = 8 gravity multiplet, which contains 70 real scalar fields and 28 vector fields.
There are 56 objects charged under these gauge fields:
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gauge field electric object magnetic object number

Cuabc D3 D3 20
Cla D1 D5 12
B, F1 NS5 12
Jua KK momentum KK monopole 12

The attractor mechanism for black holes made out of D3 branes on the torus is a
special case of the usual Calabi-Yau attractor equations, and is described nicely in [B4].
Using the pure spinor formulation, it is straightforward to write down analogous attractor
equations for black holes made out of D1 and D5 branes as well. This provides a simple
illustration of the power of pure spinor techniques.

First, we must decide the form of the spinor ansatz (R.18)). There are many possibilities.
The simplest is to consider the torus as a Calabi-Yau, which means taking n? = 7% = 0.
We will use this ansatz in what follows, because it is the simplest: in general, n? and 7>
will not be zero, and one will have to solve the extra equations for the resulting pure spinor
P23,

We will now describe the pure spinor F1 = 77#774T

" on T6. If n' and n* are equal (as
in the Calabi-Yau case, where there is only one globally defined spinor), the one form and
five form pieces of ®!4 vanish. This can be seen easily by using a basis where the ~,,, are
antisymmetric. The attractor equations in this case reduce to those described by [B4].

In general, however, n* will not be proportional to n'. The pure spinor ni ® niT will
be of the form

P =Q4 e nv. (3.4)

The first term is due to the component of n* parallel to n', and the second term is due to
the component perpendicular to n'. So the attractor equation for a configuration of D1,
D3 and D5 branes on a torus is

fit f3+ f5=2Im (C(Q+ eV Av)) (3:5)

As we saw in section .4, we can determine whether this equation has a solution by looking
at the charges. However, in order to illustrate the existence of new solutions, we can proceed
in the opposite direction; first we choose a pure spinor, and take f to be its imaginary part.
For example, we may choose the pure spinor to be dz!(dz2dz> + 6(1/22')(‘12233”‘123&33). This
leads to the charges fi = dz', f3 = da'dz?dz® — dy'dy?da® — dytda?dy® — dx'dy?dy® +
delde?dy? + detdaddy?, and fs = da'dx?dy?daidy?. This choice leads to a square torus
(with all 7 =) and a finite value of the black hole area and entropy.

Finally, we can discuss more complicated cases, where the T is orientifolded. Consider
the orientifold that reverses all the coordinates on 7%, which generates 26 O3 planes. This
projection leaves invariant only the C,, and B,, gauge bosons. We must now choose a
spinor ansatz that is compatible with the orientifold action. This constrains 77}# = ini

and ni = ini, so that 23 = o(®!4). This is compatilﬁezgvith the fact that only f; and

f5 charges are allowed, since the three-form parts of ® vanish. One can easily prove

in this case that no such pure spinors exist. This can be seen by noting that if a pure

formo

spinor starts with a one form v, it will necessarily be of the form wve , by a theorem
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in [[5]. It can also be proven using the theorem in section P.4. (Remember that there are
no differential constraints in this case, since the spinors are all covariantly constant.) If
we call f5 the vector dual to the form f5 (so that we do not need to use the metric), then
q(fi+ fs5) = 6(f1f5)2 > 0. This shows that these charges lead to no solution.

The previous discussion assumed that the charge of the orientifold is balanced by
D3 branes. One could ask what would happen if there are H A F3 terms as well — this
is perhaps the simplest example of a flux compactification. In addition to the problem
described above, an additional constraint arises from the Bianchi identities. In particular,
the H flux generates new terms of the form H A f; and H A xf5. Canceling both would
require either taking H = 0 (as we did above) or f; = f5 = 0.

From the four-dimensional point of view, the vectors coming from the R-R sector alone
are not enough to have a non-singular solution in the orientifold case. One would have to
mix the charges with those coming from the NS-NS sector. It would be interesting to
extend the present work to incorporate these charges.!® Similar considerations apply to
the simple non-Kihler vacua introduced in [[f by acting with T-duality on the torus with
F3 and H. Indeed, we would expect that one could write down simple attractor equations
in these cases, as the ' = 2 examples constructed in [ are dual to N' = 2 Calabi-Yau
compactifications [B7).

Finally, we should mention that many of the considerations in this subsection apply
easily to K3 x T2. This is N' = 4 rather than N/ = 8, so the choice of internal spinors is
more limited. In this case we obtain an attractor equation of the form (B.5]), where w and
j are members of the triplet of covariantly constant two-forms on K3.
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A. Gamma matrix conventions

Our conventions for the four and six dimensional gamma matrices are

Y =Y = — 8
== T (A.1)

Ym = _’7;1 =Tm

where the four dimensional indices i = (0,14) are raised and lowered with the flat Lorentzian
metric and the six dimensional indices m are raised and lowered with the flat Euclidean

OFor example, we may consider a solution with NS-NS charge H3z ~ vola A ht + vols A hS. This leads
to stabilization equation 0 = Im (C(tp®4+ + h A ®4)) where b = h* +ih®.
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metric. With these definitions, the chirality matrices are

Y5 = iV0-...-Y3 = s ng
Np = —iyg..e = = =0 (A.2)

Note that with our conventions 5 is pure imaginary. The ten dimensional gamma matrices
are

F;L =V ® 1, i =7 ®7m (A3)

and the ten dimensional chirality matrices are

's=v®1 Iy=1®v F11=75®77=FI1- (A.4)

B. Pure spinors

The objects ® and # considered in this paper have geometrical significance. The first lives
in the bundle of differential forms, and the second in the space of bispinors. The two are
related by the Clifford map, which sends a form da™! ™k to ™™k  In this paper we
denote the bispinor corresponding to a differential form C by .

The space of bispinors can be viewed as the representation space for two Clifford(6)
algebras, which act by left and right multiplication. The space of differential forms can be
viewed as the representation space for an algebra generated by wedging with one forms,
dx™A, and contracting with vectors, ¢, = tg,,. This algebra is call Clifford(6,6). It is
generated by twelve gamma matrices (identified with dz™A and ¢,,) and has an indefinite
metric (given by the pairing between vectors and one—forms). It is sometimes useful to
denote these twelve gamma matrices collectively as T'A.

The action of Clifford(6)x Clifford(6) on the space of bispinors is related to the action
of Clifford(6,6) of differential forms. For an even (odd) differential form Cy,

N L = [(dz™ in)Cy], doym ==+ [(dz™ n)Cy] . (B.1)

The observation that this Clifford product is represented by a combination of wedging and
contracting is an old one, see e.g. [B§). This relation is also apparent in the identities

mi...Mg

used to manipulate products of antisymmetrized gamma matrices y , as in e.g. the

appendix of [B6]. Recently, this fact has been used in the context of generalized complex
geometry [, L6, Lg, L7

A pure spinor @ is annihilated by a dimension six subspace of Clifford(6,6) — i.e. by six
linear combinations of dx™A and t,,. To see why this definition is useful, consider the sum
of the tangent and cotangent bundles '@ T™*. In general, the structure group of this bundle
is O(6,6). However, the existence of a pure spinor ® allows us to restrict this structure
group to the subgroup of O(6,6) that leaves ® invariant. This turns out to reduce the
structure group to SU(3,3).

To see how this works, consider the space of annihilators of ®, which has dimension six.
This space can be viewed as the (1,0) space of an almost complex structure J on T @ T,
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which restricts the structure group to U(3,3). This J is known as a generalized (almost)
complex structure because it lives on T @ T rather than 7. This complex structure can be
computed explicitly — it is the expression given in equation (R-33). To understand the origin
of this formula, remember that an ordinary almost complex structure can be defined from
an ordinary spinor 74 as iJmn = N+ YmnN+ = Re (n+)ymnRe (n4). The expression in (R.33)
is the same, but with T'@® T™ indices. It is now clear why Hitchin’s criterion is necessary:
since J is an almost complex structure, it must obey (with appropriate normalization)
Tr(J?) = —12.1

We can now ask what happens if the geometry admits a pair of pure spinors ® . This
pair allows us to reduce the structure group on T'®7™* to SU(3) x SU(3). For the geometries
described in this paper, these pairs appear as exterior products of ordinary spinors, of the
form @13 = 77-11-773:- Of course, not all pairs of pure spinors can be written in this product
form; they must obey a compatibility condition. This compatibility condition implies, for
example, that the intersection of the two spaces of annihilators has dimension 3. A pair of
pure spinors @4 can be used to define a metric [[[J]

(U(Re(CI)i)) AT AxRe ((I):I:))top .

vol

gt =TV I+ TP T, . Jeas = (B.2)

Given this metric, one can use (B.1) to map the annihilators of the ® 1 to a subspace of
dimension 3 of the left Clifford(6) action — this subspace is precisely the annihilator of the
left n}r. Likewise, once can also construct the annihilators of the right n%. These spaces of
left and right annihilators define an SU(3)xSU(3) structure on T & T*.

In the main text, the vacua under consideration are characterized by two pairs of pure
spinors, ®13 and ®3*. Of course, these two pairs are not independent: they must define
the same metric.

We should also mention an important special case, where the two spinors that define
¥, = n4+n+ are equal. In this case we obtain an SU(3) structure on 7. In general, one
can compute the explicit form of &y using Fierz identities. For the case at hand, it turns
out that &_ = %ﬂ/ for a complex three form Q, and #, = %e/w for a real two—form J.
In this case, the compatibility condition between the pure spinors is that J A Q = 0 (i.e.
J is a (1,1) form), and that J3 = %iQQ. Together, J and €) provide an equivalent way
of characterizing the SU(3) structure of 7. They also define a positive signature metric,
9i5 = Uz‘j-

Finally, we should mention Calabi-Yau case. Here, the spinor is covariantly constant
(Dym = 0) and the differential forms are closed (dJ = 0 = df2). These two conditions are
equivalent.

C. The four dimensional attractor equations

In this appendix we will review the four dimensional attractor equations (see also [[L0] for
a review), and demonstrate that they are equivalent to the form described in the text.

HFor spinors on T we usually do not discuss criteria of this form. This is because in six dimensions all
Clifford(6) spinors are pure.
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For a Calabi-Yau compactification of type Il supergravity, the low energy theory is
D=4, N' = 2 supergravity with some number of vector and hyper multiplets. The low
energy theory includes BPS black hole solutions, whose metric is of the form

ds? = =2V at? + 7200 (dr? + 12(d6? + cos® 0d¢?) . (C.1)

The metric factor U(r) and the vector multiplet moduli ¢%(r) are functions of radius. The
BPS equations for this background reduce to a set of linear differential equations for U and
ta

eU

U
e
T‘_2|Z|’

A

U= i g8y Z)2. (C.2)
Here - denotes d/dr, Z(t*(r)) is the central charge and g, is the metric on vector multiplet
moduli space. For the rest of this appendix, we will describe using geometric language the
attractor equations in type I1B.

For type IIB on a Calabi-Yau the moduli t* describe deformations of the complex
structure, which is related to the holomorphic three form 2. The charge of the black hole

is parameterized by an element F of H3. The metric is Kéhler,
9ab = Kap e K= Z<Q, Q> (C.3)

and the central charge is
Z =R, F) . (C.4)

The subscripts , ; denotes derivatives, and we have defined (o, B) = fyoz A (. Since we
are considering only the four dimensional effective theory, we may regard a three form on
Y not as a full differential three form but rather as (the harmonic representative of) an
element of H3. So (, ) may be thought of as the symplectic inner product on a finite
dimensional vector space.

Now, since © and Q are basis elements of H3° and H%3, it is useful to define projection
operators

Q _
P = (0o pos, _ (a) g (C.5)

(Q,Q) (Q,0)

We will denote projection operators onto the transverse space by Pi’o =1— P30 and
Pi’g = 1— PY%3. The derivatives Q, and Q; are in H39® H?! and H*3 @ H"2, respectively,
so we can define projection operators onto H>! and H"? by

. <a, PE’?’QE> _ <Pj’OQa, a>

PYlo = —¢* <Q Q> Pj’OQa, PL2o = —g® <Q Q> Pﬁ’3QI;. (C.6)

It is straightforward to verify that all of these projection operators obey P2 = P, commute
with one another, and are adjoints with respect to the symplectic inner product:

(a, P*?B) = (P, B), (a, P2B) = (P*'a, ). (C.7)
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To show this, it is useful to use the explicit form of the metric

<Pj’OQa, QE> <Qa, PE’?)QE>

Gab = — <Q, Q> = <Q, Q> . (C.8)

Moreover, the operators described above form a complete basis of H?, so
P304 p2hy pt? 4 pO3 =1, (C.9)

It is straightforward to show that

A(FQ) /a0 A F) 0.3
84| Z| =08 <P Qa,F> ol 2 = i o <F PYQ, > (C.10)

Using the fact that Q = {%Q,, we can multiply both sides of the second attractor equation
by a5 to get

. U _ U (F,Q
< ¢62 “F’Z? F, Pﬁ’3Qa> =0, <P3OQG,Q+ - >F> = 0. (C.11)
T

|Z]

These equations fix the components of € and Qin H2! and H L2 respectively, so that

<Q F>P21F PlQQ_—7/£<F’Q>

PZlQ_—e—
r? |2 r? 2|

PL2F. (C.12)

The H?? and H%? components are left unfixed, so we can write

: eV (Q,F) 2,1 U< > 1,2 _ 6
V= —fj——LPF Q, Q P“F Q C.13
ZT2 7 +x 2 17 + X ( )

for an arbitrary function x(r). These are unphysical components of Q which can be ab-
sorbed into Kahler transformations on moduli space. Recall that the moduli space metric,
and indeed the entire low energy action, are invariant under the K&hler transformation

Q= e, Q-G (C.14)

for an arbitrary holomorphic function f(¢*) on moduli space. This transformation takes

K — K — (f(t%) + f(%)) and
X = X+ f=x+ fat" (C.15)

So, by judicious choice of f(t*), we may set x(r) to be whatever we like.
One natural choice is x = 0. In this case <Q,Q = Q,Q> = 0, and the Kahler
potential is independent of radius. Another simple choice is to take

e (119)

Q— ,eU Q,F)
- = H

Ea (PP 4+ PPYF, Q=

(P%3 + PYAF. (C.16)
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In this case

. — = U
<QQ> - <QQ> - z’i—2|Z|e_K (C.17)
is pure imaginary, so
. ev|Z| .
K=2—5—=2U. (C.18)
T

This equation can be integrated to give the relation of [[l] between the spacetime and moduli
space metrics: 2U(r) = K(r) — K(c0).

However, it is useful to have a more explicit form for the attractor equations that does
not require fixing Kahler gauge invariance. First, note that

. Z
K=—-(Xx+x), o <ln E) =X X (C.19)
So x = —©/O, where
0= geK/Q. (C.20)

With a little algebra, the attractor equations become

eV - = eV
9,(09) = —i—P>'F, 0,(6Q) =i— P"*F. (C.21)
r r
Using the completeness relation for projection operators, these are equivalent to the single
equation
U
Tm {9, (69)} = —26—2 (F —Im 2eK/ZZQ) (C.22)
r

where © is defined above. Note that under Kéhler transformations ® — e~/0, so both
sides of this equation are invariant. It is straightforward to show that the equations in this
form are equivalent to the pure spinor equation (.27) described in the text.
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